We derive an exact expression for the one-loop free energy of the canonical ensemble of type I strings in the form of a high temperature expansion, integrating out the explicit dependence on worldsheet modulus. The precise O(T e −T ) numerical corrections to the leading T 2 growth are evaluated in the high temperature expansion. We can therefore give a first principles formulation of the microcanonical ensemble of open strings, deriving the density of states as an inverse Laplace transform of the open string canonical partition function. The growth with energy is slower than an exponential, giving definite proof that there is no Hagedorn phase transition in type I string theory. The low energy finite temperature supersymmetric gauge theory limit of our results provides the normalization of the density of states of the massless gas of short open strings. We give a first principles derivation of the normalized Wilson-Polyakov-Susskind loop expectation value in the finite temperature gauge theory.
Introduction
It is an old piece of string folklore that at high temperatures, or at high energy densities, a microcanonical ensemble of strings at fixed energy undergoes a thermal phase transition into a novel long string phase [20, 25, 18] . Evidence for such a phase transition has long been of interest in models proposed for the dynamics of a cosmic string ensemble [20, 36] . The rough intuition has been that most of the ensemble energy will reside in one, or more, long, closed strings, surrounded by a sea of short open strings.
2 A gas of short open strings is simply an ensemble of gluons: in an infrared finite open and closed string theory, the lowest-lying modes in the open string spectrum are the massless gluons of an anomaly-free nonabelian gauge theory [27, 13, 6] . Thus, such a phase transition should have a clear-cut interpretation from the perspective of the low energy finite temperature supersymmetric gauge theory.
In previous works on the type I string canonical ensemble [3, 6] , we have given evidence for a plausible first-order phase transition to a deconfining long string phase at high temperatures. One piece of evidence is the T 2 growth in the type I string free energy at high temperatures far above the string mass scale [2, 27, 6] . This was inferred from an asymptotic estimate of the growth in the number of states at high level in the open string mass spectrum [6] . The drastically slower T 2 growth above the string scale, in comparison to a T 10 growth in the low energy finite temperature supersymmetric gauge theory, hints at a possible transition to a new high temperature phase [6] . The precise normalizations of the one-loop type IB string free energy in both the low energy field theory limit, as well as in an exact, high temperature expansion that sums the contributions from the full Matsubara thermal mode spectrum, as well as from all of the massive string modes, will be given in this paper. Thus, we present a closed form expression for the string vacuum functional, W IB (β), by performing explicitly the integration over the worldsheet modulus appearing in the one-loop string vacuum amplitude.
An important clarification made by us in [6] , was that there are no exponential divergences in the free energy of the canonical ensemble of the six infrared finite supersymmetric string theories: type IB and type I ′ , type IIA and type IIB with Dbranes, or heterotic Spin(32)/Z 2 and E 8 ×E 8 , at any temperature. In other words, we ruled out the possibility of what is known as a Hagedorn phase transition in all of the supersymmetric string theories. Such a transition would have been signalled by an exponential rise as a function of energy in the density of states, g(E), in the string microcanonical ensemble, assuming one could calculate g(E) reliably. Previous authors have been misled by what is a well-known property of 2d conformal field theories (CFTs): the growth with level number of the density of states in a 2d CFT on a strip always displays an exponential divergence at some characteristic mass scale, a property that follows from the famous Hardy-Ramanujan formula [17] : 
where q=e −2πt , and t is the edge-length of the strip. The coefficient in the exponential has become known in the string theory literature as the Hagedorn temperature associated with the superconformal field theory of central charge c:
But, as emphasized by us in [6] , the density of states in the boundary CFT should not be confused with the density of states in the microcanonical ensemble of the corresponding string theory! Computation of the latter quantity requires that we first carry out the integral over the worldsheet moduli appearing in the string vacuum amplitude explicitly, exponentiate the string vacuum functional, W (β), to obtain the canonical partition function of the string canonical ensemble, Z(β) = exp[W (β)], and then carry out an inverse Laplace transform to obtain the density of states in the string microcanonical ensemble:
g(E) = 1 2πi
As we will show in this paper, it is a remarkable fact that this procedure can be carried out in closed form for the type IB unoriented open and closed string theory. We will demonstrate that when the density of states in the microcanonical ensemble is calculated directly by this algorithm from first principles, one finds that the growth in g(E) as a function of energy is indeed slower than that of an exponential. To be specific, the one-loop free energy of the canonical ensemble, F IB (β) = −W IB (β)/β takes the precise form:
where the leading T 2 growth is found to be corrected by a negligible T e −T dependence at high temperature. This result for F IB (β) is exact, including contributions from all of the massive string modes, as well as the full Matsubara thermal mode spectrum. The values of the various parameters are given in the text. Dropping the exponentially suppressed subleading terms in W IB (β), the result for the density of states in the microcanonical ensemble is found to take the form:
A quick glance at the growth of the numerical coefficients in the power series expansion in energy, E, clarifies that the growth in energy of the density of states in the microcanonical ensemble is slower than that of an exponential due to the additional factorial in the denominator. We can safely conclude that there is no Hagedorn phase transition in type IB string theory: both the canonical, and the microcanonical, string ensembles are perfectly well-behaved, even at temperatures or, respectively, energies, far beyond the string mass scale. This result lays to rest the controversy on the possible existence of a Hagedorn phase transition in an infrared finite supersymmetric string theory at finite temperature.
A second piece of evidence for a thermal phase transition given in [6] was the behavior of the expectation value of a single Wilson-Polyakov-Susskind loop in the low energy finite temperature gauge theory. We will show in this paper that, in fact, the loop expectation value itself is continuous, but the discontinuity is in the first derivative with respect to temperature. Thus, the transition occurs at the self-dual temperature: T sd = 1/2πα ′1/2 . The first principles derivation of the gauge theory correlator from an expression for the macroscopic loop amplitude in type I string theory: the sum over worldsheets with the topology of an annulus and boundaries mapped to a pair of closed loops, C 1 , C 2 , with fixed spatial separation R in the embedding target space time, winding around the Euclidean time coordinate, was described in [6] . The single Polyakov-Susskind loop expectation value in the finite temperature supersymmetric gauge theory is obtained by taking the low energy finite temperature supersymmetric gauge theory limit of the macroscopic pair amplitude in the coincidence limit, R → 0. The temperature dependence of the Polyakov-Susskind loop expectation value transitions from a O(1/T
2 ) fall at low temperatures to an O(T 2 ) growth at high temperatures above the string scale.
In this paper, we have invoked the standard inverse Laplace transform linking the canonical partition function to the microcanonical density of states in statistical mechanics [14] to derive the properties of the microcanonical ensemble of type I strings at fixed energy, E, from our results for the canonical ensemble at fixed temperature, T , given in [6] . Note that such a first principles derivation would only be valid in the absence of any exchange of energy between the containing "walls" and the ensemble of quantized strings: there should be no thermal backreaction on the fields describing the embedding target space geometry. A microcanonical ensemble, namely, a fixed energy ensemble, of strings, assumes a closed system: energy cannot flow out of the quantum statistical ensemble.
Remarkably, the absence of thermal back-reaction appears to be a well-justified assumption in the special case of the unoriented type I supersymmetric string theories. The reason, as pointed out by us in [6] , is that the one-loop free energy in the finite temperature type I string vacuum with orientifold planes vanishes, as does the massless dilaton tadpole, despite the fact that supersymmetry has been broken by thermal effects. This property is a consequence of self-consistency: there are no tadpoles for unphysical Ramond-Ramond sector states in the thermal vacuum [9, 27, 5, 6] , and the ten-dimensional orientifold backgrounds with either O(32), or O(16)×O (16) , gauge group are consequently both infrared-finite, and anomaly-free.
We can conclude that, at least at one-loop order in string perturbation theory, there is no evidence for thermal back-reaction in the type I string theory. We have a fixed line of nonsupersymmetric type I ground states parameterized by temperature, and there is no room for 2d renormalization group (RG) flow. Such RG flows would be indicated in the presence of nontrivial quantum corrections to the classical background spacetime geometry due to a thermal back-reaction. Such back-reaction is almost inevitable in the case of the closed heterotic string ensemble, since the one-loop vacuum energy density in the finite temperature vacuum is non-vanishing [6] . Thus, unlike the case of the heterotic string, we can feel confident in exploring the properties of the microcanonical ensemble of weakly-coupled type IB -type I ′ unoriented strings using some of the methodology previously outlined in the early papers [19, 18, 25, 23] . We note that it would be extremely interesting in future works to probe the question of thermal back-reaction with direct checks at the next order in string perturbation theory [40] , both for the type IB, and heterotic, string ensembles, to clarify this intuition.
A related issue is the question of the expected Jeans instability of a gravitating ensemble [14, 33, 2] , and the definition of the thermodynamic limit for the statistical ensemble. The key point that makes our considerations viable is the vanishing of the one-loop vacuum energy density, ρ = F (β)/R D−1 , of the unoriented 10D type IB string thermal ensemble. Namely, regardless of the strength of the gravitational coupling, G N ≃g 2 s , where g s is the closed string coupling, the ensemble of total mass, M, is consequently always within its Schwarschild radius, R S , even in the limit R S → ∞. Since M ∼ ρR
, the Schwarzschild radius of the type IB string ensemble is infinite:
In other words, it is possible to take the infinite volume limit V → ∞, α ′ → 0, giving a precise definition of the thermodynamic limit for the weakly gravitating string ensemble because the energy density per unit volume happens to be zero. This should be contrasted with the generic expectations of a gravitating thermal ensemble explained in the standard references [33, 2] . As a consequence, there is no evidence of a Jeans instability in the type IB string ensemble, at least at one-loop order in the string coupling, and the static, or equilibrium, behavior of the microcanonical ensemble at fixed energy, E, or of the canonical ensemble at fixed temperature, T , is a perfectly well-defined concept.
The possibility that ρ = 0 for the string thermal ensemble was not considered by Atick and Witten [2] , and this is the reason the generic objections raised in their paper do not apply to the type IB thermal ensemble. We comment that the discussion of a conjectured "genus zero" contribution to the string free energy in this paper appears to be a red herring for which we see absolutely no necessity. Neither is there any indication of a breakdown in the Riemann surface description of the string thermal ensemble.
Preliminaries

Review of the Canonical Ensemble
Let us begin with a brief summary of some relevant results from our previous work [6] on the canonical ensemble of type I unoriented open and closed strings in this section. We will also provide a more careful discussion of the normalization of the one-loop free energy, both in the low eenrgy finite temperature supersymmetric gauge theory limit, as well as the exact result for the string ensemble at high temperatures far above the string scale.
In [6, 5] , we have shown that the free energy of type IB strings at one-loop order in string perturbation theory receives contributions from worldsurfaces of four different topologies [27, 29] : torus, annulus, Mobius strip, and Klein bottle. The torus contribution sums over closed oriented worldsheets and, although a priori non-vanishing, we find that the thermal spectrum of the pure closed string sub-sector contains a tachyonic winding mode instability at a temperature below the string scale:
. This is the temperature at which the first of the thermal winding modes crosses the threshold from irrelevance, to marginal relevance. The presence of a tachyonic mode is a signal of a relevant flow of the worldsheet renormalization group (RG). In [5, 6] , we have shown that the resulting flow is in the direction restoring the infrared-stable supersymmetric closed string fixed point vacuum at zero temperature. Thus, at one loop order, target space supersymmetry is not broken by thermal effects in the pure orientable closed string sector. We therefore shift focus to the contributions from the three unoriented open and closed string sectors of the type IB theory [3, 6] .
An equilibrium description of string statistical mechanics in the canonical ensemble requires a tachyon-free thermal spectrum in the full temperature range: a fixed line of thermal type IB vacua parameterized by the inverse temperature, β, an exactly marginal flow of the worldsheet RG [5] . As in the supersymmetric unoriented type IB vacuum, consistency also requires the absence of a tadpole for the unphysical Ramond-Ramond (R-R) state in the thermal vacuum [9, 27, 5, 6] . Since an uncancelled tadpole for an unphysical R-R state cannot be removed by an adjustment of the background fields, an R-R tadpole represents a genuine inconsistency of the type IB vacuum, whether at zero temperature, or at finite temperature. The spontaneous breaking of target space supersymmetry due to thermal effects in the finite temperature vacuum functional is achieved by introducing a phase factor, (−1)
n , where n is thermal momentum as originally suggested in [2] . The result, with N=2
5 D9branes in the anomaly-free O(32) type IB thermal vacuum appears in [6] .
For simplicity, let us focus on the oriented open string sector with low energy field theory limit an anomaly-free O(32) supersymmetric gauge theory at finite temperature living on the worldvolume of N=2
5 D9branes. The contribution to the one-loop vacuum functional from surfaces with the topology of an annulus takes the form:
It is convenient to denote the following combination of theta functions by the subscripts [0], [1] :
where (00), (01), (10), and (11), correspond, respectively, to spin structures: (NS-NS), (NS-R), (R-NS), and (R-R), the boundary conditions on the worldsheet fermions from the perspective of the closed string spectrum [27] . Let us review the reasoning behind our choice of phases in the annulus amplitude since these are entirely fixed by consideration of the target spacetime low energy gauge theory physics. The factor in curly brackets in Eq. (7) is the partition function of the boundary conformal field theory (CFT), Z(it), in the thermal type IB vacuum. It can be expanded in powers of q=e −2πt , giving the degeneracies at each level in the open string oscillator spectrum. Notice that the Matsubara modes in the thermal spectrum make an additional contribution to the masses in the boundary CFT spectrum, labelled by the integer n. The integer m instead labels oscillator level number. We have:
where we have separated the contribution from the states at the lowest level number, O(q 0 ) in the partition function of the boundary CFT, explicitly. In the supersymmetric zero temperature vacuum, the absence of a tachyon required a relative sign between the contributions of the (AP,AP) and (AP,P) spin structure sectors, denoted (00) and (01) above, implying that there was no contribution to the one-loop free energy at O(q −1/2 ) [27, 29] . We preserve this property in the finite temperature vacuum, and for every value of n, thus ensuring the complete absence of thermal tachyons. This is the reason the (AP,AP) and (AP,P) spin structure contributions have been grouped together in the function Z [0] without any relative thermal mode number dependent phase.
The next order in the asymptotic expansion, O(q 0 ), gives the massless open string spectrum in the zero temperature vacuum. The (−1) n phase multiplying the (10) and (11) sectors has been introduced in order that there are no longer any spacetime fermions contributing at the n=1 level. Thus, spacetime supersymmetry is spontaneously broken by thermal effects precisely in the manner expected from generic d-dimensional, d > 2, finite temperature quantum field theory considerations: the massless spacetime bosons of the zero temperature vacuum do not acquire a tree-level mass, while the massless spacetime fermions of the zero temperature vacuum have acquired an O(1/β) tree-level mass. As expected, the spacetime bosons acquire a mass at the next order in string perturbation theory which could be computed by considering the appropriate one-loop two point function of massless spacetime boson vertex operators. We remind the reader that the one-loop vacuum amplitude in string theory yields the tree level mass spectrum, where the radiative corrections to the mass formula have not been taken into account. The radiative corrections can be obtained by computing the appropriate two-point function of vertex operators in string loop perturbation theory.
The explicit, first principles derivation of the string vacuum functional in the finite temperature vacuum provides a rigorous starting point for discussion of the string canonical ensemble [1] . Let us recall the basic thermodynamic identities of the canonical ensemble [14] :
(10) Recall that W (β) = lnZ(β), the generating functional for connected one-loop vacuum graphs in the finite temperature vacuum, is an intensive thermodynamic variable without explicit dependence on the spatial volume. Thus, in perturbative string theory, it is the vacuum functional, W (β), or free energy, F (β) = −W/β, rather than the canonical partition function, Z(β), which admits a first principles derivation in the worldsheet formalism. More precisely, F is the Helmholtz free energy of the ensemble of free strings, U is the internal energy, and ρ is the finite temperature effective potential, or vacuum energy density at finite temperature. S and C V are, respectively, the entropy and specific heat of the thermal ensemble. The pressure of the string ensemble simply equals the negative of the vacuum energy density, as is true for a spacetime with a cosmological constant, just as in an ideal fluid with negative pressure [15, 14] . The enthalpy, H=U+P V , the Helmholtz free energy, F =U−T S, and the Gibbs function, also known as the Gibbs free energy, is G=U−T S+P V . As a result of these relations, all of the thermodynamic potentials of the string canonical ensemble have been give a simple, first-principles, formulation in terms of the Polyakov path integral over worldsheets.
Microcanonical Ensemble: Density of States
It is a basic postulate of statistical mechanics that all of the microstates contributing to a given macrostate at fixed energy E are equiprobable and that the macrostate describing thermal equilibrium has the maximal number of contributing microstates. We start with the Boltzmann relation for the absolute entropy of the system, S = k B lnΩ(E, V ), where Ω(E, V ) is the number of microstates with energy E, occupying a fixed spatial volume V , and k B is Boltzmann's constant. In natural units, k B is set to unity and β =1/T . It is generally considered more convenient to work with quantities pertaining to an energy shell of width ∆E lying on the energy sphere of radius E. Let the total number of microstates within the energy sphere be Σ(E, V ) = E ′ <E Ω(E ′ , V ). Then the probability of finding the system in the microstate with energy between E and E + ∆E is given by:
where Z(β) is the canonical partition function. Integrating over the full energy range on both sides of this equation gives a simple integral representation for Z(β):
Recall that the quantity we can compute from first principles in the worldsheet formulation of perturbative string theory is not Z(β) itself, but W (β)=lnZ(β) [1, 6] . We will therefore interpret Z= exp[W (β)] in terms of its power series expansion when inserted in the integral representation of the density of states g(E).
The energy integral representation for the canonical partition function, Z(β), is in the form of a Laplace transform. It follows that an inverse Laplace tranform will enable the converse, namely, a representation of the density of states, g(E), as a temperature integral. Let us analytically continue the variable β into the upper half complex plane, Reβ > 0, in order that the integral in Eq. (12) is bounded for all energies. Substituting for the canonical partition function, the inverse Laplace transform is found to take the form:
where the contour runs parallel to the imaginary axis at a fixed value, β 0 , to the right of any isolated singularities of the canonical partition function, exp[W (β)], in the complex β plane. The density of states is an increasing function of energy while the Boltzmann factor is strongly damped with increasing E, so that the probability, p(E), for a microstate of energy E, is a function with a maximum at some value E ⋆ . This is the Maxwell-Boltzmann distribution function. This leads to the following differential relations for the temperature of the microcanonical ensemble:
It follows that the most probable energy of the canonical ensemble, E * , is identical to the given fixed energy, E, of the microcanonical ensemble.
Low Temperature Expansion: Short Open String Gas
As explained above, the one-loop vacuum functional of the unoriented type IB open and closed string ensemble vanishes in the standard, ten-dimensional anomaly-free O(32) thermal vacuum, as a consequence of the orientifold planes in the target space geometry. Thus, we will restrict ourselves to the statistical mechanics of the oriented open string sub-sector of this theory. At low temperatures far below the string mass scale, β>>α ′1/2 , we expect not to excite any thermal modes beyond the lowest-lying, massless modes in the open string spectrum: the gluons in the finite temperature O(32) supersymmetric gauge theory. Thus, the short open string gas is a gas of massless gluon radiation. A useful check of self-consistency with the low energy finite temperature supersymmetric gauge theory limit already demonstrated by us in [6] was to verify the expected T 10 growth of the free energy. The precise numerical normalization of the one-loop free energy of the radiation gas can from first principles by starting with the unambiguously normalized string one-loop vacuum energy density, as we will now show.
We begin with the one-loop contribution to the type IB string vacuum functional from oriented surfaces with two boundaries, namely, the annulus, or the one-loop vacuum graph for the open string thermal spectrum. As is standard lore in the string theory-low-energy-field theory correspondence [27, 29] , this limit can be isolated by expanding the integrand of the modular integral in powers of q=e −2πt , thus isolating the t→∞ asymptotics of the modular integral which is dominated by the massless modes in the open string spectrum. With N=2 5 , the number of D9branes in the anomaly-free O(32) vacuum, we have:
The n=0 terms in this expression vanish as a consequence of target space supersymmetry in the zero temperature vacuum. Notice that thermal modes with ±n make symmetrical contributions to Eq. (15) . Notice, also, that at sufficiently low temperatures, an infinity of Matsubara modes can contribute to the asymptotic limit of the string vacuum functional since the modular integral ranges over [0, ∞]. Thus, strictly speaking, one should sum over the full Matsubara spectrum when computing the leading low temperature asymptotics of the string free energy.
We wish to perform the term-by-term integration over the modulus t of the asymptotic expansion of the integrand given above. Restriction to the leading term in the expansion in m, namely, the contribution of the shortest open strings, appears, a priori, to give an ill-defined expression that is singular at the lower limit of the integration domain, namely, at t = 0. But this divergence can be straightforwardly regulated by the following prescription. 3 We can recognize in Eq. (15) the integral representation of an Euler gamma function with negative argument, Γ(−9/2), which may 3 An alternative regulator for such one-loop integrals often invoked in the Dbrane literature is to recognize that the divergent t=0 limit is naturally cut off at ǫ≃α ′1/2 /R, in the background of a stretched string of length R [11, 12, 13] . From the perspective of the worldvolume Yang-Mills gauge theory, one can interpret the tension of the stretched string as the mass, M W , of the Goldstone boson associated with the spontaneous breaking of Poincare invariance by the Dbranes. Thus, in generic Dbrane backgrounds, M W plays the role of an ultraviolet cutoff in an effective worldvolume gauge theory. Since we are interested here in the properties of a renormalizable pure Yang-Mills theory be defined by either the product formula for gamma functions, or by analytic continuation in the argument of the gamma function. Thus, performing an explicit integration over the leading term in the asymptotic expansion for W IB (β), including the summation on the full Matsubara thermal mode spectrum parameterized by the integer n, gives the result:
) (2π) 9/2 Γ (−9/2) (4π
where V = L 9 denotes the nine-dimensional spatial volume. The factors within the second pair of square brackets in Eq. (16) result from the integral over the world-sheet modulus, t. The modular integration is followed by an infinite summation on odd integers, giving the result within the first pair of square brackets. The summation has been expressed in terms of the Riemann zeta function ζ(z, q):
) .
The parameter, β 0 , has the dimensions of an inverse temperature, and it characterizes the asymptotic limit of the free energy for the low energy supersymmetric gauge theory. Recall that the string vacuum functional is dimensionless. Thus, we have demonstrated that the one-loop free energy, F (β)=−W IB (β)/β, grows as T 10 in the asymptotic low temperature regime. This is precisely the behavior expected of a ten-dimensional, finite temperature supersymmetric gauge theory. We have:
Taking the thermodynamic limit corresponds to the limit with large spatial volume: V →∞, α ′ →0.
It is well-known that the full string vacuum amplitude has neither ultraviolet, nor infrared, divergences when computed in an infrared-finite, anomaly-free, vacuum. What, then, is the physical origin of the apparent divergence in the modular integral at t = 0 when we isolate the leading term in the asymptotic expansion of the integrand? Recall that t corresponds to the length of the boundary loop of the annulus. In the asymptotic limit, m=0, the annulus reduces to a vacuum diagram in the low energy gauge theory, and the mode propagating around the loop is simply the massless gluon. Thus, t → 0 corresponds to the ultraviolet limit for the internal loop momentum. The ultraviolet regulation prescription we have given preserves both the worldsheet super-Weyl × super-Diffeomorphism gauge invariances, in addition to the target spacetime Yang-Mills gauge invariance. This is a simple illustration of the renormalizability of the low energy gauge theory limit of the string theory, a property that can be shown to extend to the perturbative renormalization of both coupling constant, and mass parameters, of the theory [29] .
At temperatures below the string mass scale, namely, when β > α ′1/2 , it is not possible to excite the massive modes in the oriented open string spectrum: states in the boundary CFT with in the low energy field theory limit, for simplicity, we will not introduce any classical stretched string backgrounds. This is also the reason we have dropped a possible timelike Wilson line background in the expression for the one-loop free energy given above. level number m>0 are decoupled from the massless m=0 spectrum. Thus, the low temperature asymptotics is that of a massless radiation gas and there are no corrections to the result given above at the one-loop order in string perturbation theory.
Density of States: Short Open String Gas
The exponentiated string vacuum functional yields a formal expression for the canonical partition function of the type IB string ensemble. Inserting our result for the unambiguously normalized vacuum functional for the canonical ensemble in the expression for the density of states of the corresponding microcanonical ensemble given in Eq. (13), we obtain:
The canonical partition function has a singularity at the origin of the complex β plane, namely, at infinite temperature. This is an understandable consequence of the T 10 growth in the free energy of the canonical ensemble in the low energy finite temperature supersymmetric gauge theory derived above. Of course, as we raise the temperature beyond the string mass scale, the contributions to the canonical partition function from massive string modes become important and one is, strictly speaking, in the high temperature, β << α ′1/2 , regime that will be treated in the next section. Here, we simply complete the analysis for the massless radiation gas, ignoring the fact that it is only a low energy approximation to a bigger theory. However, this exercise allows us to compare with some standard results for finite temperature gauge theories.
We will choose the integration contour, C, to run parallel to the right of the imaginary axis, closing on the semi-circle at infinity in the left half-plane, since the integrand is bounded for all Reβ < 0, assuming a positive definite energy E. The contour encloses the essential singularity at the origin, and the residue can be obtained by expanding in a Laurent expansion. The result is:
Thus, the density of states of the short open string ensemble increases monotonically as a function of energy, but the growth is slower than that of an exponential because of the extra factorial in the denominator. In other words, there is no evidence of a Hagedorn divergence in the density of states function of the massless radiation gas.
High Temperature Expansion: Above the String Scale
As pointed out by us in [6] , based on the absence of a divergence in the free energy of the canonical ensemble, there is no Hagedorn phase transition in the type I string theory. The first-principles derivation that follows of the density of states function, g(E), of the microcanonical ensemble of type IB strings from the high temperature expansion of the vacuum functional will provide an especially clear demonstration of this fact, also clarifying the nature of the Long String phase transition.
We therefore consider the asymptotic contribution from states with high level number in the boundary CFT, which are probes of the temperature regime far above the string scale. Thus, we begin by letting t→1/t in the expression for the partition function of the boundary CFT given by Eq. (9), prior to performing an expansion in powers of e −π/t . The expression for W (β) takes the form:
Notice that the free energy, F =−W/β, of the type IB string ensemble consequently grows as the power T 2 at high temperatures far above the string scale. The fact that the free energy at one-loop order in every perturbative string ensemble, whether open or closed, bosonic or supersymmetric, grows as T 2 at temperatures far above the string scale, was established by us in a recent analysis of the canonical string ensemble [6] . Here, we have also provided the precise numerical prefactor in the free energy. Our result is striking confirmation of a conjecture originally due to Atick and Witten [2] , and more recently derived as a consequence of the thermal self-duality property in the closed bosonic string ensemble by Polchinski [27] . Now consider what happens if we keep all of the corrections to the asymptotic limit dominated by states in the open string spectrum of high level number. We wish to include contributions from the full Matsubara thermal mode spectrum, as well as all of the terms with m>0. Notice that, as a consequence of the t→1/t transformation on the argument of the theta functions, the t integration for each term in the asymptotic expansion now results in the Bessel function K 1/2 (x). The vacuum functional takes the form:
where the c m are the coefficients in the expansion of the partition function for the boundary CFT in powers of q=e −2π/t . Note that the c m are closely related to the coefficients d m appearing in the expansion of the partition function in powers of e −2πt as a consequence of the infrared-ultraviolet symmetry of the open-closed string mass spectrum [27] . We have:
Performing the integration over t results in the expression:
where the relation, β 2 x 2 =64π 3 α ′ n 2 m, identifies the argument of the Bessel function. The factor in square brackets in the first equality arises from the modular integration. Notice that the correction to the leading β −1 dependence of the string vacuum functional is an exponential suppression, O(e −1/β ), at high temperatures. Consequently, the exact expression for the one-loop string free energy density, ρ IB (β), takes the form:
where the leading T 2 growth is found to be corrected by a negligible T e −T dependence, at high temperature. As explained in [6] , taking the thermodynamic limit implies large volume: V →∞, α ′ →0. It is miraculous that the temperature dependence of the exact one-loop free energy density of the canonical ensemble of type IB strings takes such a simple form. It is characterized by the inverse mass parameters: β 1 and β 2 (m, n), and dimensionless constants, A m :
What is the physical significance of the exponentially damped corrections to the free energy at high temperature? Recall that the sequence of integers, m>0, now characterizes the corrections to the asymptotic estimate we have made of the density of states with high level number: because of the t→1/t transformation on the argument of the partition function of the boundary CFT, m is no longer to be interpreted as the level number in the open string mass spectrum. The integer n, of course, simply parameterizes the Matsubara modes of the thermal spectrum in the mth correction.
Density of States
One can now carry out the inverse Laplace transform Eq. (13) for the canonical partition function,
The density of states in the microcanonical ensemble of type IB strings takes the form:
It is straightforward to perform the Laurent expansion of each exponential, extracting the residue of the integral in the complex β plane at the origin. For simplicity, we can drop the exponentially suppressed corrections in the canonical partition function since we are interested in the high temperature limit. The result takes the simple form:
a quick glance at the growth of the numerical coefficients in the power series expansion in energy, E, clarifies that the growth in energy of the density of states in the microcanonical ensemble is slower than that of an exponential. In conclusion, we can safely conclude that there is no Hagedorn phase transition in type IB string theory: both the canonical, and the microcanonical, string ensembles are perfectly well-behaved even at, respectively, temperatures, or energies, far beyond the string mass scale.
Evidence for the Long String Phase Transition
A plausible order parameter signalling a thermal phase transition in the type I string theory at a temperature of order the string mass scale is suggested by the correspondence with the low energy finite temperature gauge theory limit. It is well known that the order parameter signalling the thermal deconfinement phase transition in a nonabelian gauge theory at high temperatures is the expectation value of a closed timelike Wilson-Polyakov-Susskind loop [32, 34, 35, 30] . We wish to investigate the possibility of a thermal deconfinement phase transition in the type I theory at a temperature of order the string scale, conjectured to arise in a gas of short open strings, and characterized qualitatively by long string formation in the high temperature phase [16, 18, 2, 12, 30] .
Since the one-loop vacuum energy density in the type IB thermal vacuum displays no nonanalyticity, or discontinuities, as a function of temperature, it is natural to look for evidence in a different string amplitude. A natural choice suggested by the correspondence in the low energy limit to a finite temperature Yang-Mills gauge theory, would be the string theory analog of the expectation value of a timelike Wilson loop wrapping the Euclidean time direction, namely, the change in the free energy in the thermal vacuum due to the introduction of an external heavy quark, generally taken to be the order parameter for the deconfinement phase transition in finite temperature gauge theory [32, 34, 30] .
As mentioned in the introduction, the appropriate starting point is the Polyakov path integral summing surfaces with the topology of an annulus and with boundaries mapped to a pair of fixed curves, C 1 , C 2 , in the embedding target spacetime, wrapping the Euclidean time coordinate, and with fixed spatial separation, R, can also be computed from first principles using Riemann surface methodology, an extension of the one-loop vacuum amplitude computation due to Polchinski [1] . The amplitude can be interpreted as an off-shell closed string tree propagator, and the result in closed bosonic string theory, but only in the limit that the macroscopic boundaries, C 1 , C 2 , were point-like, was first obtained by Cohen, Moore, Nelson, and Polchinski [38] , and extended to include the limit of large macroscopic loop lengths of interest here by myself in collaboration with Yujun Chen and Eric Novak in [39] . We will calculate the pair correlator of a pair of Wilson loops wrapping the Euclidean time coordinate, extracting the low energy gauge theory limit of the resulting expression where the contribution from massive string modes has been suppressed. Notice that in the limit of vanishing spatial separation, R → 0, the amplitude will be dominated by the shortest open strings, namely, the gauge theory modes in the massless open string spectrum, and the worldsheet collapses to a single macroscopic Wilson loop wound around the Euclidean time coordinate. Thus, we have a potentially straightforward route in string theory to extract the standard order parameter [32] of the thermal deconfinement transition in the low energy gauge theory limit. We will analyze this limit of our result for its dependence on temperature.
Consider the pair correlation function of a pair of Polyakov-Susskind loops lying within the worldvolume of the D9branes, and with fixed spatial separation R in a direction transverse to compactified Euclidean time, X 0 . Recall that the boundaries of the worldsheet are the closed "worldhistories" of the open string endpoint, which couples to the gauge fields living on the worldvolume of the Dbranes. The endpoint state is in the fundamental representation of the gauge group. Thus, when its closed worldline is constrained to coincide with a closed timelike loop in the embedding spacetime, the resulting string amplitude has a precise correspondence in the low energy limit to the correlation function of two closed timelike loops representing the spacetime histories of a pair of static, infinitely massive, quarks with fixed spatial separation. Since we wish to probe the high temperature behavior of the low energy gauge theory limit, we should use the Euclidean T-dual type I ′ description of the thermal vacuum.
The result for the pair correlator of temporal Wilson loops in the Euclidean T-dual type I ′ vacuum, W
I ′ , derived from first principles from an extension of the ordinary Polyakov path integral in the references [38, 39, 29] , takes the remarkably simple form [3] :
The summation variable, n, labels closed string winding modes, each of which wraps around the Euclidean time-like coordinate X 0′ . Let us begin with the following important observation: since the expression for the macroscopic loop amplitude given in Eq. (29) is analytic as a function of R, the spatial separation between loops, we can smoothly take the limit R→0 where the worldsheet collapses to a single loop, giving the single Polyakov-Susskind loop expectation value. In the low energy finite temperature supersymmetric gauge theory limit, it is found to transition from an O(1/T 2 ) fall:
at low temperatures below the string mass scale to an O(T 2 ) growth at high temperatures far above the string mass scale:
Notice that the discontinuity is in the first derivative with respect to temperature, not in the value of the order parameter itself. The transition temperature is precisely at the string mass scale, T sd = β
From the perspective of a finite temperature SU(N), N≥3, non-abelian gauge theory, we would have naively expected an infinite cost in the free energy to produce a single external quark in the vacuum in the low temperature confining regime:
4 our result in Eq. (30) shows an order parameter diverging as 1/T 2 as we approach the zero temperature limit. Recall, as explained in [1, 27, 29, 5, 29] , that whenever a mass parameter in supergravity, or gauge theory, is extracted from the low energy field theory limit of a covariant supersymmetric string theory amplitude, all such mass terms will be unambiguously normalized in units of the fundamental string mass scale, α ′1/2 . This is a consequence of the unique choice of regulator permitted by the worldsheet gauge symmetries: super-diffeomorphism × super-Weyl invariance. The unambiguously normalized dependence on temperature of the Wilson-Polyakov-Susskind loop expectation value on either side of the phase boundary is therefore a very reasonable result from this perspective. The low energy finite temperature gauge theory limit of the macroscopic pair amplitude yields the temperature dependence of the static heavy quark potential as follows. Let us set:
where s parameterizes the proper time for the worldlines of infinitely massive quarks wrapping the Euclidean time coordinate. We can invert this relation to express V [R, β] as an integral over the modular parameter t [11, 27] . Consider the q expansion of the integrand valid for t→∞, where the shortest open strings dominate the modular integral. Retaining the leading terms in the q expansion and performing explicit term-by-term integration over the world-sheet modulus, t, isolates the following interaction potential at temperatures below the string mass scale [3, 39, 29] : 
Notice that, as with the order parameter, the discontinuity is in the first derivative with respect to temperature: the static heavy quark potential itself is continuous on either side of the phase boundary at T sd . Remarkably, precise computations can nevertheless be carried out on either side of the phase boundary by utilizing, respectively, the low energy gauge theory limits of the pair of thermal dual string theories, type IB and type I ′ .
Conclusions
We have found several new results in this paper confirming both the intuition, and the first principles worldsheet formulation for the canonical string ensemble presented by us in [6] , following the methodology given by Polchinski in [1, 27] for the closed bosonic string thermal ensemble. We have given an exact expression for the one-loop free energy of the string canonical ensemble as a function of temperature, evaluating both the low energy finite temperature supersymmetric gauge theory limit, as well as the exact high temperature expansion inclusive of the full Matsubara thermal mode spectrum, as well as all of the massive string modes. Technically, the key point is that the integral over the worldsheet modulus can be carried out straightforwardly in the case of open string annulus amplitude by performing an asymptotic expansion for the partition function of the boundary CFT. Analogous attempts for the closed string torus amplitude are stymied by the irregular shape of the fundamental domain of genus one Riemann surfaces [1, 25] . Thus, by exponentiating the resulting expression for the vacuum functional, we have an exact expression for the true canonical partition of the open string ensemble.
Next, we have shown that the inverse Laplace transform of the canonical partition function yields an expression for the density of states of the microcanonical ensemble of type I strings. We can thus demonstrate explicitly that the growth with energy of the density of states in the microcanonical ensemble is slower than an exponential: this is definitive proof that there is no Hagedorn phase transition in type I string theory. This was already indicated by the absence of thermal tachyons in the string canonical ensemble in our earlier work [6] .
Finally, we have computed the normalization of the Wilson-Polyakov-Susskind loop expectation value in the low energy finite temperature supersymmetric gauge theory limit. Our derivation extracts the low energy field theory limit at coincidence, R → 0, of the macroscopic loop amplitude in type I string theory: the sum over world-surfaces spanning a pair of fixed loops with spatial separation R wound around the Euclidean time coordinate [38, 39, 6] . Precise computations on either side of the phase boundary at T sd are enabled by using the low energy field theory limits of a pair of thermal dual, finite temperature supersymmetric gauge theories: type IB and type I
′ . There is a discontinuity in the first derivative with respect to temperature of both the Polyakov-Susskind loop expectation value, as well in the related expression derived for the static heavy quark potential.
